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Abstract. Given an assignment of weights w to the edges of a graph G, a 
matching M in G is called strongly w '-maximal if for any matching N there 
holds EM e ) I e £ N \ M} < EM e ) \ e E M \ N}. We prove that if 
w assumes only finitely many values all of which are rational then G has a 
strongly «i-maximal matching. 

1. INTRODUCTION 

Infinite min-max theorems are rather weak when stated in terms of cardinalities. 
Cardinalities are too crude a measure to capture the duality relationship. To ex- 
emplify this point, consider Menger's theorem, the first combinatorial theorem that 
was cast in the form of a min-max equality. Formulated in terms of cardinalities, it 
states that given two sets, A and B in an infinite graph, the maximal cardinality n 
of a family of disjoint A-B paths is equal to the minimal cardinality of a vertex-set 
separating A from B. This is easy to prove: if k is finite then it follows from the 
finite version of the theorem, and if it is infinite then we can take a maximal set V of 
disjoint A-B paths, and choose the set of vertices appearing in V as our separating 
set. A more succinct formulation, capturing the duality in its full strength is the 
following, which is known as the Erdos-Menger Conjecture: 

Theorem 1.1 (2). Given two vertex-sets, A and B in an infinite graph, there 
exists a set F of disjoint A-B paths and an A-B separating set S such that S 
consists of a choice of precisely one vertex from every path in F. 

This formulation is tantamount to requiring the complementary slackness con- 
ditions to hold between the two dual objects. 

A similar situation occurs when studying matchings in infinite graphs. It is easy 
to prove the existence of a maximal matching with respect to cardinality, however, 
it is possible to find matchings that are maximal in a stronger sense: 

Definition 1.2. A matching M in a hypergraph H is said to be strongly maximal if 
\N \ M\ < \M \ N\ for any matching N. 

The notion of strong maximality is closely related to duality results. Namely, it 
is used to prove duality results, and conversely, a main tool in proofs of existence 
of strongly maximal matchings is duality theorems. In particular, Theorem ll.il is 
equivalent (in the sense of easy derivation, in both directions) to the statement that 
in the hypergraph of A-B paths (a path being identified with its vertex set) there 
exists a strongly maximal matching. The set S in Theorem 1 1.1 1 is a strongly minimal 
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cover in this hypergraph, where the notion of strong minimality is defined in an 
analogous way. It is interesting to note that not every strongly minimal separating 
set S has a corresponding matching F as in the theorem. An example showing 
this is the bipartite graph G with sides A and B, where A — {ao, «i, a-i, ■ • ■ , }j 
B = {&i, 6 2 , • ■ ■}, and E(G) = {(a ( , 6 4 ) 1 < i < uj} U {(a , &*) | 1 < i < w}. The 
side A is a strongly minimal separating set, but there is no F corresponding to it 
as in the theorem, since, easily, A is unmatchable. 
The main result of jTJ implies: 

Theorem 1.3. In any graph there exists a strongly maximal matching. 

As expected, the theorem follows from a duality result. The proof will be given 
in Section [3l Beyond graphs very little is known. The main conjectures on the 
notions of strong maximality and strong minimality are the following: 

Conjecture 1.4. In any hypergraph with finitely bounded size of edges there exists 
a strongly maximal matching and a strongly minimal cover of the vertex set by edges 
of the hypergraph. 

Conjecture 1.5. In every graph there exists a strongly minimal cover of the vertex 
set by independent sets. 

An interesting conjecture that would follow from a positive answer to Conjec- 
ture [T3] is the following: 

Conjecture 1.6. In any poset of bounded width there exists a chain C and a 
partition of the vertex set into independent sets, all meeting C . 

In this paper we are going to extend Theorem ll.3l to graphs with weighted edges. 
Here and throughout the paper, for a set F of edges we define w[F] := X^ee-F w ( e )- 
Let G be a graph and w : E(G) — > R an assignment of weights to the edges of G 
fixed throughout this section. 

Definition 1.7. A matching M in G is called strongly w-maximal if w[N \ M] < 
w[M \ N] for any matching N in G with \M \N\, \N\ M\ < 00. 

Theorem 1.8. If w assumes only finitely many values all of which are rational, 
then G has a strongly w-maximal matching. 

On the way to the proof of Theorem 11.81 we shall prove: 

Theorem 1.9. Suppose that G is complete andw assumes only finitely many values 
all of which are rational. Then there exists a strongly w-minimal perfect matching, 
or a strongly w-minimal almost perfect matching. 

A strongly w-minimal perfect or almost perfect matching M is a perfect or 
almost perfect matching that is strongly w-minimal (which is defined analogously 
to strongly w-maximal) among all perfect and almost perfect matchings in G (i.e. 
there is no perfect or almost perfect matching N with \M\N\,\N\M\ < 00 and 
w[N\ M] < w[M\N]). Note that such a matching will, in general, not be strongly 
w-minimal among all matchings in G. 

As we shall see, Theorem ll.9l is best possible in the sense that it false if we allow 
irrational weights or if we demand the matching to be perfect rather than almost 
perfect. 
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2. Definitions 
We will be using the terminology of [4]. 

The support of a matching M, denoted by supp(M), is the set of vertices incident 
with M. 

Let M be a matching. A path or a cycle P is said to be M- alternating if one 
of any two adjacent edges on P lies in M. An M-alternating path Q is said to 
be finitely improving (or finitely M -improving) if it is finite and both its endpoints 
do not belong to supp(M). It is said to be infinitely improving (or infinitely M- 
improving) if it is infinite, has one endpoint, and this endpoint does not belong to 
supp(M). It is said to be M -indifferent if it is either two way infinite or it is finite 
and has one endpoint in supp(M) and one endpoint outside supp(M). 

Given two matchings M and N, a path or cycle is said to be M-N- alternating 
if it is both M-alternating and TV-alternating. For example, an M-iV-alternating 
path may consist of only one edge belonging to both M and N. 

Given to sets K, L of edges, their symmetric difference is the set KAL := 
(KUL)\(KnL). 

A graph C is called almost matchable if C — v has a perfect matching for some 
v € V(C). It is called uniformly almost matchable if C — v has a perfect matching 
for every v S V(C). 

For a graph G and a set of vertices U of G we write G[U] for the subgraph of G 
induced by the vertices in U. 

3. Strongly maximal matchings in graphs 

In this section we prove Theorem 11.31 and develop some tools for the proof of 
Theorem Ol 

Lemma 3.1. A matching M is strongly maximal if and only if there does not exist 
a finitely improving M-alternating path. 

Proof. If P is a finitely improving M-alternating path then the matching MAE(P) 
witnesses the fact that M is not strongly maximal. For the converse, assume 
that M is not strongly maximal, namely there exists a matching N such that 
\N\M\ > \M\N\. It is easy to see that MAN spans a set T of M-N alternating 
paths and cycles. Now N \ M = {J Qe A N n E (Q) \ MD E{Q)) and M\N = 
\J Q eA M n E (Q) \ Nn E (Q))> thus the inequality \N \ M\ > \M \ N\ implies the 
existence of a path Q in T such that \N n E(Q)\ > \M D E(Q)\. Then, Q is a 
finitely improving M-alternating path. □ 

We will use the following result from [3] , stating that the classical Gallai-Edmonds 
decomposition theorem is valid also for infinite graphs. A graph C is called factor 
critical if it is uniformly almost matchable but does not have a perfect matching. 

Theorem 3.2. In any graph G there exists a set of vertices T, a set T of factor 
critical components of G — T , and an infective function F : T — > T such that 

(i) for every t G T there exists a vertex v{t) of F{t) connected to t in G, and 
(ii) G — T — U FG jr V(F) has a perfect matching. 

Proof of Theorem Let T and T be as in Theorem 13.21 Let Q consist of those 
elements of T belonging to the range of F, and let 7i = T\Q. For every t in T let Jt 
be a perfect matching of the graph Fit) —v(t). For every F 6 TL choose an almost 
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perfect matching Jf- Let N be a perfect matching in the graph G — T— [J Fe:F V(F). 
We claim that the matching M defined as {tvt | t G T} U [J t£T Jt U U^fgw ^.f U A^ is 
strongly maximal. Suppose not; then, by Lemma [3.f 1 there exists a finite improving 
M-alternating path Q. By the construction of M the endpoints of Q are unmatched 
vertices v%,V2 of some Fx,F% G W respectively where i*i ^ F 2 . Now go along Q, 
starting at u^. Since -Fi is a component of G — T, the path Q can leave i*i only 
through T. Let ii be the first vertex of Q in T. Since the edge of Q leading to t\ does 
not belong to M, the edge e of Q leaving t\ does belong to M; let e =: t\U\, where 
u\ G F(ti). But when Q leaves F(ti), it is again through an edge not belonging to 
M that contains a vertex t% of T. Thus, again, the edge of Q leaving t 2 belongs to 
M, and continuing this way we see that Q cannot leave T U (J G, contradicting the 
fact that v 2 eF 2 EH. □ 

An even stronger notion than strong maximality of a matching in a graph is that 
of having (inclusion-wise) maximal support. Similarly to the proof of Lemma l3.1l it 
is possible to show: 

Lemma 3.3. A matching M has maximal support if and only if there does not 
exist any (finitely or infinitely) improving M-alternating path. 

In [7] the following stronger version of Theorem I1.3I was proved for countable 
graphs: 

Theorem 3.4. In every countable graph there exists a matching with maximal 
support. 

In our proof of Theorem I1.9I we are going to need the following corollary of 
Theorem I1.3I 

Lemma 3.5. For any graph G, and every matching M in G there exists a strongly 
maximal matching N such that supp(N) D supp(M). 

Proof. Let if be a strongly maximal matching of G, which exists by Theorem 1 1.3I 
Then, the symmetric difference KAM spans a set Q of disjoint M-AT-alternating 
paths and cycles. Let Q' C Q be the set of those elements of Q that are either 
finite AT-indifferent paths or infinitely if-improving paths. We can derive a new 
matching N from K by switching between K and M along all paths in Q'; formally, 
let N :— KA{J p& g, E(P). Clearly, since there are no finitely if -improving paths 
by Lemma l3.ll supp(N) D supp(M). We claim that N is strongly maximal. 

Suppose not. Then, by Lemma lBTTl there exists a finitely improving iV-alternating 
path Q. We shall use Q in order to construct a matching L such that \L\K\ > \K\L\ 
contradicting the strong maximality of K . As an intermediate step, we first con- 
struct a further matching K' by removing finitely many edges from K and adding 
the same amount of new edges. To define K' , we start with K and perform the 
following operations: 

(i) For every finite element P of Q 1 incident with Q, replace K n E(P) by 
M fl E{P) (the resulting matching thus coincides with A^ on E(P); note 
that P has even length as it is a finite AT -indifferent path) . 

(ii) For every infinite element R of Q' (i.e. for every infinitely if-improving path 
in Q) incident with Q, let k — k(R) be the last edge on R that lies in K 
and is incident with Q. Replace all edges of R that lie in K and precede k 
on R, including k itself, by the edges of M lying on R and preceding k. 
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Let K' be the resulting matching. By construction, K' satisfies \K' \ K \ = 
\K \ K'\ < co. Moreover, K' n E(Q) = N n E(Q) holds by construction and thus 
Q is a ^'-alternating path as it is an ./V-alternating path, and in fact it is a finitely 
JC'-improving one: To prove this, we have to show that the endvertices of Q do 
not lie in supp(K'). As Q is finitely TV-improving, its endvertices do not lie in 
supp(N) . If an endvertex v of Q does not lie in supp(K) , it clearly also does not lie 
in supp(K') (as supp(K') C supp(K) U supp(N)). On the other hand, if v lies in 
supp(K) and hence in supp(K) \ supp(N), then by the construction of N it is the 



endvertex of a finite if-indifferent path in Q' . This path was considered in (i) and 
hence v ^ supp(K'). Therefore the endvertices of Q do not lie in supp(K') and Q 
is a finitely i-T'-improving path. 

Letting L = K'AE(Q) we thus have \L \ K'\ > \K' \ L\, from which it easily 
follows that \L\K\ > \K\L\, contradicting the fact that K is strongly maximal. □ 

4. Strongly maximal weighted matchings 

In this section we prove Theorem 11.91 and Theorem 11.81 Before we do so, let 
us argue that Theorem 11.91 is in a way best possible. First, we claim that the 
requirement that G be a complete graph is essential in it. Indeed, if G is any graph 
that has an almost perfect matching, then it does not necessarily have an almost 
perfect strongly w-minimal matching. To see this, consider the graph consisting 
of a set of paths P\ , Pi , . . . that have precisely their first vertex w in common, 
such that each Pi comprises 2i edges weighted alternatingly with zeros and ones 
(starting at w with a zero- weight edge). Any almost perfect matching of this graph 
that matches w by an edge e can be improved by matching w by the first edge of a 
Pj with a higher index than the Pi containing e, and the almost perfect matching 
that does not match w can be improved by any almost perfect matching. This 
example can easily be modified to obtain a graph that has a perfect matching but 
no perfect strongly iu-minimal one: add a copy K of K^ Q to the graph, identifying 
the final vertex of each Pi with a distinct vertex of K and let all edges of K have 
weight 0. 

Next, let us see why we cannot improve Theorem 11.91 by always demanding a 
strongly w-minimal perfect matching rather than an almost perfect one. Let G be 
a complete graph of any infinite cardinality, pick a vertex v 6 V{G), and let M be 
a perfect matching of G — v. Now let w(e) = if e £ M and w(e) — 1 otherwise. 
Suppose that N is a strongly ui-minimal perfect matching of G, let ei = vw be 
the edge of N matching v and let ei — w'y be the edge of N matching the vertex 
w' that lies with w in an edge of M. But then, (A/\{ei, e^}) U {vy, ww'} improves 
N, contradicting the fact that it is strongly w-minimal. Thus, G has no strongly 
w-minimal perfect matching. 

It is easy to construct counterexamples to Theorem 11.91 and Theorem 11.81 if w 
assumes infinitely many values. At the end of this section we will construct a 
counterexample in the case that w assumes finitely many values that are not all 
rational. 

Proof of Theorem \1.9[ Without loss of generality we may assume that all weights 
are positive, since otherwise we can add a large positive constant to all of them. 
Since w assumes only finitely many values, we may further assume that all weights 
are integers. All M-alternating paths (for some given matching M) considered in 
this section start with an edge that does not lie in M. 
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Our proof is an adaptation of Edmonds' algorithm for finite graphs ([5], see also 
[6j). This is a "primal-dual" optimisation algorithm, where the primal problem is 
minimising the total weight of a perfect matching and the dual is maximising the 
sum of a set of "potentials" iTi(U) assigned to some vertex sets U . In the infinite 
case though, comparing the total weight of a perfect matching with the sum of the 
potentials does not help, as both values will in general be infinite. However, in order 
to show that a matching cannot be locally improved, i.e. it is strongly minimal, we 
will only have to compare finitely many edge weights to the sum of finitely many 
potentials. 

The basic idea of Edmonds' algorithm is the following: In the unweighted case, 
the problem of constructing a maximal matching reduces to the problem of finding 
a (finitely) improving M-alternating path for a given matching M . An improving 
M-alternating path, however, is not easy to construct. On the other hand, M- 
alternating walks are easy to construct, but as they may contain cycles they cannot 
be used to improve M by taking the symmetric difference. However, if an M- 
alternating walk starting in an unmatched vertex runs into a cycle, then this cycle 
has to be odd and is thus uniformly almost matchable. In Edmonds' algorithm, such 
odd cycles are contracted ('shrunk') whenever they occur. At the end of the process 
the cycles are recursively decontracted using the fact that they are uniformly almost 
matchable to extend the maximal matching of the graph with contracted vertices 
to a maximal matching of the original graph. 

In the weighted case, one wants to find a minimum- weight perfect matching under 
the assumption that the graph has a perfect matching. The algorithm starts with 
considering only the edges of smallest weight. Like in the non- weighted case, the 
algorithm contracts odd cycles that can occur in alternating walks and it improves 
the current matching by finding improving alternating paths. When all contractions 
of odd cycles and improvements of the current matching are done, the algorithm 
considers some of the edges that had not been considered so far. Whether an edge 
will be considered or not at a given step depends on the potentials ni mentioned 
earlier. Unlike the non-weighted case, some sets have to be decontracted during 
the construction, and again whether a set will be decontracted or not depends on 
the potentials 7Tj. 

Our adaptation of Edmonds' algorithm has two major differences: Firstly, we 
will not only contract odd cycles but some larger sets of vertices (possibly infinite) . 
These sets of vertices will be uniformly almost matchable, which will become impor- 
tant when decontracting. Secondly, we will not improve our matchings by finding 
improving alternating paths as this might take infinitely many steps. Instead, we 
will in each step extend our current matching to a strongly maximal matching us- 
ing Lemma 13. 5[ then perform contractions, and finally add more edges before we 
proceed to the next step. 

Our construction follows a recursive procedure, in each step i of which we will 
be manipulating several ingredients: 

• a collection flj whose elements are vertex sets, sets of vertex sets, sets of 
sets of vertex sets and so on, and an assignment of potentials tt^ : Sl^ — > M. 

• an auxiliary graph Gi on V = V(G). 

• an auxiliary graph G' i7 having as vertices the maximal sets in Qi. 

• an auxiliary graph Hi(U) for each set U G 0,, having U as its vertex set. 

• a matching Mi in G^. 
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The elements of Qi represent the vertex sets contracted so far. For practical reasons 
we do not want all elements of Oj to be vertex sets but also allow sets of vertex 
sets, sets of sets of vertex sets, and so on. The graph Gi will consist of all edges 
considered in step i, while the graph G[ is obtained from Gi by performing the 
contractions. The matchings M, are to be 'unfolded' at the end of the process, to 
form the desired strongly minimal matching in G. 

For a set U in $7^ we denote by |J U the set of vertices nested in U; formally, 
a vertex x G V(G) lies in |J U if and only if there is a finite sequence of sets 
Ui E U2 *E ■ ■ ■ € Uk where Uk = U and x G U\. The collection Qj will be laminar, 
that is, for any U, W G Qi either \JU n\JW = or \JU C \JW or \JW C \JU 
will hold. Moreover, Oj will contain {v} for every v G V. 

The auxiliary graph Gi is defined at each step i by Gj = (V, where 2% is the 
set of edges of G for which 

(1) £ 7r,(C/)=^(e) 

e£5({7) 

holds, where 8(U) is the set of edges that have precisely one end vertex in |J U. 

Let il^ AX be the set of maximal elements of flj with respect to containment, 
and note that {|J U \ U G } is a partition of V(G) as f2j is laminar and every 

vertex v is contained in some |J U, eg. in |_|{i>} = {v}. For U G f2j we now define 
an auxiliary multigraph Hi(U). The vertices of Hi(U) are the elements of 17, and 
for every edge e = xw of Gj such that a; G U X and w G U W where X, W are 
distinct elements of U we put an X-W edge e' in Hi(U). Throughout the paper 
we shall not formally distinguish the edges e and e! . With this abuse of notation, 
the auxiliary graph G- is defined by G' i := ffi(Of Ax ), where ^(fif Ax ) is defined 
analogously to Hi(U). 

At each step i the following conditions will be satisfied: 

(2) m(U) > for every U G with ||J uj > 3, 

(3) ^ n i( u ) < w ( e ) for ever y ee E, 

e£5(U) 

(4) Hi(U) is uniformly almost matchable for every U G f2j. 

The procedure stops in case that Mj is perfect or almost perfect. Then, using 
condition j4| we will recursively decontract the sets in fi, so as to extend Mi to a 
perfect or almost perfect matching of Gi (and hence of G), and use conditions (|2|) 
and ^ to prove that it is strongly w-minimal in G. 

To start the inductive definition, we set f2 = {{v} | v G V^(G)} and n = 
7To{{v}) = for every v. By its definition, Go contains all 0-weight edges in G; 
the graph G is essentially the same, with the subtle difference that its vertices are 
singleton sets, and not vertices; and the graphs Hi(U) are all trivial, namely they 
have one vertex each, and no edges. Finally let Mq be a strongly maximal matching 
in G , the existence of which is guaranteed by Theorem 11.31 

Now for i = 0, 1, . . . do the following. 

If Mi is perfect or almost perfect then stop the iteration (at the end of this proof 
we will use Mi to construct the required matching of G). So, assume that the set 
X[ of vertices unmatched by Mj contains more than one vertex. 
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In order to enlarge Mi we now would like to add new edges, i.e. to change the 
7r- values so as to let new edges satisfy (JlJ . As we want to be able to match vertices 
in X[, we could try and increase the 7r- values on X[. But then any edge of G\ at a 
vertex in X[ will fail to satisfy ([3]) as it already satisfied (Q} before and the 7r-value 
of one of its endpoints has been increased while the other remained the same. Hence 
we have to decrease the n- values of all neighbours of X[ in G^. Now consider an 
edge in M, incident with such a neighbour of X[. As it satisfied ([1} before and 
the 7r- value of at least one of its endvertices has been decreased while the other 
has not been increased, it will not satisfy |T]) in the next step. In order to prevent 
this loss of matching edges, we have to increase the n- value of every vertex that is 
matched in Mi to a neighbour of X[. Continuing this way, we obtain that we want 
to increase the 7r-value on the set T[ of all vertices of G'i that are reachable from 
X[ by an even M^-alternating path (possibly trivial), while we want to decrease it 
on the set S[ of vertices reachable from X[ by an odd Mi-alternating path. 

We could proceed like this if S\ and T[ were disjoint, but in general this will not 
be the case. For instance, the vertices on the odd cycles contracted in Edmonds' 
algorithm have the property that they are reachable from the set of unmatched 
vertices by alternating paths both of even and odd lengths. To amend this, wc 
will contract each component of G' i — [S[ \ T() that contains a vertex of T/, so as 
to obtain a new graph G*. In this graph, we will be able to perform the desired 
changes of n- values. 

Formally, let 

Ui := {V(C) | C is a component of G\ — (S'i \ T/) that contains a vertex in T/}, 

put Vi := Qi Uld, and let G* := #i(Vf AX ) (where Vf AX is defined analogously 
to f2^ AX ). Note that Vi is laminar since Hi is and Vj \ 0, = Ui consists of disjoint 
subsets of nf Ax . 

Let Xi be the set of vertices of G* that are not matched by M* := Mi R E(G*) 
(which, as we shall see soon, will be a matching in G*), let Si be the set of vertices s 
of G* for which there is an M*-alternating Xi — s path of odd length in G*, and let 
Ti be the set of vertices t of G* for which there is a (possibly trivial) M*-alternating 
Xi — t path of even length. We claim that: 

Proposition 4.1. The following assertions are true: 

(i) Hi(U) — G'^U] is uniformly almost matchable for every U ^Ui; 
(ii) \Mi n 5(U)\ = if U n X[ ± and \M 4 n S(U)\ = 1 otherwise for every 

U Ehk, and 
(Hi) Si — SI \ T[ and Ti = Ui. 



Part (i) is simply ([3]) for the sets in Ui, while (ii) ensures that M* is a matching in 
G* (which is trivial in the case of finite graphs, when only odd cycles are contracted) 
and (iii) will enable us to increase the 7r-values on Ti and decrease them on Si so 
as to obtain new edges, in particular at the vertices in Xi. 

Before we proceed with the proof of Proposition 14.11 let us show how we use it 
to construct Oi+i, "Ki+x, and Mj_|_i, the main ingredients of the next step of our 



construction. By Proposition |4J (iii) and the definition of Ui we have Si n T t 
and moreover 

(5) IfUeTi and U' is a neighbour of U m Gi\V^ AX , then U' € Si. 
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Hence we can define Hi+i : Vi — > M as follows (in fact we want HU+i to be the 
domain of Hi+i but f2i+i is going to be a subset of Vi): 

if UeT t =iu, 
7r 4+1 (u)-.= { n(U) - \ tfUeSi, 

otherwise. 

For every set U G Si with \ \_\U\ > 1 and m+i(U) — 0, remove U from V, to 
obtain Qj+i. This will later guarantee that ([2]) is satisfied. Since we have now 
defined fij+i and 7Ti+i, the graphs Gj+i and G^ +1 are also defined. It remains to 
define Mj+i. 

For this purpose, we first show that for every U G Vi the graph Hi+\(U) is 
uniformly almost matchable. We distinguish two cases. If U G f2j, then we have 
H i+ i(U) = Hi(U) because 7ii(W) = 7Tj + i(W) holds for every W € U since Sj and 
Tj by definition only contain maximal elements of Vi, so any relevant edge of G is 
present in Gi if and only if it is present in G i+ \. Thus H i+ i(U) is uniformly almost 
matchable since Hi(U) is (by Q). For the second case, when U G Ui = Vj\f2j, then 
by Proposition ^. W HAU) is uniformly almost matchable, and again this implies that 
Hi + i(U) is uniformly almost matchable as well since %i(W) = iTi + i(W) holds for 
every W G U. 

Thus we have proved our claim. In particular, since £li+i C Vi, this implies by 
induction: 

Proposition 4.2. Condition (|3]) is satisfied. 



By (ii) of Proposition l4.il M* is a matching in G*. Using the fact that for every 



U G Vi \ Cli+i the graph H i+ i(U) is uniformly almost matchable, we extend M* to 
matching Ni in G^ +1 with U C supp(Ni) for every {/ G Vj \ fii+i; this is possible 



a 



since by (ii) of Proposition 14.11 there is precisely one vertex of U that is incident 
with an edge in Mi, and this edge is also in M*. By Lemma [3751 there is a strongly 
maximal matching Mi + \ in G' i+1 with supp(Ni) C sitpp(Mi + i). 

Finally, before we switch over to the proof of Proposition 14. 1[ let us show that 
the choice of Ni and Mj+i imply that 

Every vertex U of G' i+1 that is not matched by Mj+i is a set of 
(6) vertices of G' { (i.e. U $ fli) and precisely one of the elements ofU 
is unmatched by Mi. 

This will, at the end of the construction, help us to show that the resulting 
matching is strongly ui-minimal. 

Indeed, consider such a U and note that U is also unmatched by N as supp(Ni) C 
supp(M l+1 ). Suppose that U G fij. If U G £lf Ax then J7 g since otherwise 
the definition of Ui would imply that there is a set U' G Ui that contains U; this 



would in turn imply that U' G Ti by (iii) of Proposition 14. Ii and hence U' G Oj+i 

^ _ o MAJ 
+lJ — "i+l 



which contradicts the assumption that U G V(G' i+1 ) = ^f| Ax . Thus C/ ^ rjf AX 



Suppose that f/ G f2» \ fif Ax . As C/ is a vertex of G- +1 there is a set U' 3 U with 
J7' G Vi \ Oj+i c Si. Since all elements of S 1 , = \ T/ are matched in M,, they 
are also matched in M* . Thus U' is matched in M* and hence all its elements — in 
particular U — are matched in Ni, a contradiction. This proves U ^ Qi, and by 
the construction of the graphs G ■ we obtain that U is a set of vertices of G ■ . To 
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prove ((6]) it remains to show that there is an element of U that is unmatched in 
Mi. But this follows immediately from Proposition 14. lfFii)| 



Proof of Proposition ^. 1] We will derive both (i) and (ii) from another fact. For 
this, note first that Ui is the set of vertex sets of components of G^fT/J, since any 
vertex adjacent to a vertex of T[ in G^ lies, clearly, in S[ U T[. Now let U G Ui 
and u G £/; then there is an x S X[ and a (possibly trivial) Mi-alternating x — u 
path of even length P in G[. Moreover, for any neighbour v € U of u, we find a 
y G X[ and a (possibly trivial) Mi-alternating y — v path of even length Q in G[. 
It is easy to see that P U {uv } U Q either contains an Mi-alternating x — y path 
or an Af^-alternating x — v path of even length; indeed, if P and Q are disjoint 
then P U {uv} U Q is itself an Mi-alternating x-y path, and otherwise, if q is the 
first vertex on P that lies in Q, then either the path xPqQy or the path xPqQv 
is Mi-alternating. But an Mi- alternating path between vertices in X[ is finitely 
Mi-improving, thus, since Mi is strongly maximal, the latter holds. This proves 
that any vertex x in X[ that sends an Mi-alternating path of even length in G\ to 
some vertex of U sends an Mi-alternating path of even length in G[ to every vertex 
of U . In particular, U cannot contain more than one element of X[. 

Let x,y G V(G' i ). We say that x dominates y if there is an Mi-alternating x— 
y path of even length. If a set X C V(G'i) contains the vertices of such a path, we 
say that x dominates y via X. We claim that 

/„n For every U G Ui there is a vertex xjj G U that dominates every 
v eU viaU. 

For a vertex xjj as in ([7]) we say that xjj dominates U. Clearly ([7]) implies that 
every vertex v in U — xjj is matched by Mj to another vertex in U — xjj (namely, to 
its predecessor in the Mi-alternating x\j-v path in G[[U] of even length), while xjj 
either lies in X[ (i.e. is unmatched by Mi) or is matched by Mi to a vertex outside 
U. In particular, each U can be dominated by at most one vertex. Moreover, ([7]) 



implies (i) and (ii) Indeed, consider any set U G Ui. For every v G U, the symmetric 



difference of Mi with the Mi-alternating xjj-v path of even length in G'^U] is a 



matching of U — v, which shows (i) Furthermore, as noted above, |Mi n 5{U)\ = 



if xjj G X[ and |Mi r\5(U)\ = 1 otherwise. Since no vertex in U — xjj lies in X[ this 



implies (ii) 



For the proof of ([Jj, we distinguish two cases. The first case is when U contains 
a vertex of X' t , say x. Recall that there is a vertex in X[ sending an Mi-altcrnating 
path of even length to every vertex in U, and clearly this vertex must be x. We 



3' 



claim that x dominates U. Indeed, let U' be a maximal subset of U such that 
dominates every u G U 1 via U', and suppose that U' ^ U. As G-[£7] is connected, 
there is a vertex u G U \ U' which has a neighbour v € U'. Every vertex y G U' — x 
is matched in Mi to a vertex in U', namely to the penultimate vertex on any Mi- 
alternating x-y path in GJ[t/'] of even length. Therefore no edge in 6(U') lies in 
Mj; in particular, vu does not lie in Mi. Let P be an Mi-alternating x-u path 
of even length (possibly using vertices outside U) and let w be its last vertex in 
U' . Then, the first edge of wPu does not lie in M,*. Now since there is an x— 
v path of even length in U' it is easy to see that all vertices on wPu lie in T[ and 
hence in U; moreover, for every y G wPu there is an Mi-alternating x-y path in 
G' i [U'L)V(wPu)] of even length, thus x dominates y via U'UV(wPu), contradicting 
the maximality of U' . 
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The second case is when U fl X[ = 0. Again, recall that there is a vertex x £ X[ 
that sends an Mi-alternating path of even length in G[ to every vertex of U ; let 
P be an Mi-alternating x — U path, and note that it has even length since its 
penultimate vertex cannot lie in T[. Let z be the last vertex of P and let e be 
the last edge of P (hence e £ Mi). We claim that z dominates every vertex in 
U . Indeed, let U' C U be maximal such that z dominates every v £ U' via U'. 
Consider a vertex u £ U \U' which has a neighbour v £ U' . Like in the previous 
case, no edge in 6(U') \ {e}, in particular vu, lies in Mi. Let Q be an Mi-alternating 
x-u path of even length, let y be its last vertex outside U and let / be the edge 
on Q after y. Since y £ 5,- \ T/, the path xQy has odd length and hence / £ Mi. 
We claim that there is a vertex on yQu that lies in U' . If y is the predecessor of 
z on P, then f = e and z is such a vertex. We may thus assume that y is not the 
predecessor of z on P. This implies that y does not lie on P, as otherwise P would 
have to use / and would hence meet U before z. If yQu avoids U', then there is 
an Mi-alternating x-y path of even length: go from x to z along P, then from z 
to v within G\ [W], then use the edge vu and finally along uQy to y. But y £ T(, 
a contradiction. Hence yQu has a last vertex u> in U' , and all vertices of wQu lie 
in J7. Now like in the previous case it follows that z dominates every vertex in 
U' U wQu via U' U wQu, contradicting the maximality of U'. This proves ([7]), and 
hence (i) and (ii) as discussed above. 

A consequence of (ii) is 

For every Mi-alternating path P starting in X[ and every U £ hii, 
(o\ i/Pfl G'i\U] has more than one vertex then it is a subpath of P 
whose first edge is not in Mi and whose last edge is an edge of Mj 
or the last edge of P. 

Indeed, let P and U be as in the statement of ((8]) , and assume that P contains more 
than one vertex from U. For every vertex u £ U fl V(P) whose predecessor v on P 
does not lie in U the edge vu lies in Mj, as otherwise Pv would have even length, 
contradicting the fact that v £ 5,- \ T[. By (ii) there is no such u if U contains 
the starting vertex of P, and there is at most one such u otherwise. Therefore, 
PnG'i[U] is a subpath of P, and if the endvertex of P does not lie in U, then again 
by (ii) the edge of P from U to V(G'i) \ U does not lie in Mi, and hence the last 
edge of P n G ■ [U] does lie in M t . 

It remains to show |(iii)| Let us first show S{ D 5|\T/ and T t D Ui. Let v £ Sl\T! 
and pick an M^-alternating path P in of odd length from a vertex x £ X[ to v . 
Note that v is not contained in any element of Ui . Let Uq be the element of Ui that 
contains x, and note that Uq £ Xj by (ii) Then by (JSj) contracting the sets in 
turns P into an M*-alternating path P* in G* of odd length starting in Xi, hence 
V £ Si. 

Now let [/ £ Ui, pick a vertex u £ U and an Mi-alternating path P of even 
length in G'i from a vertex x £ X[ to it. Again (JSj) yields that contracting the sets 
in Ui turns P into an M*-alternating path P* of even length in G* starting in Xi, 
whence U £ Tj. 

To prove Sj C 5- \T/ and T; C Ui, let P* be an M*-alternating path in G* from 
Ux £ -X"t to a vertex [7 of G*; we will use P* to construct an Mi-alternating path 
P in G'i whose length has the same parity as that of P*. Let J7o = Ux, U\, . . . , U n 
be the vertices in Ui that lie (in this order) on P*. Note that if U € Ui then 
U n = U. For j > let Uj be the vertex on P* before Uj, and for j < n let iUj be 
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the vertex on P* after Uj. Note that each Uj and each Wj are neighbours of Uj 
(which is a component of G- — (S^ \ T/)) and hence lie in S- \ T(. Each edge UjUj 
in P* corresponds to an edge UjVj in P(G-) with vj G while each edge UjWj 
corresponds to an edge VjWj in E{G'j). For j = 0, 1, . . . , n let i!j := xj^ ; by (ii) we 
have v G X|. 

Recursively for j = 0,1,..., n, we construct Mi-alternating paths Pj of even 
length in G[ from vq to so that Pj meets Uj only in Vj , starting with the trivial 
path Pq = vq. For 1 < j < n, since Pj-i is an Mi-alternating path of even length 



in G-, its last edge (if existent) is in Mj. Hence by (ii) every other edge in 5{Uj-\), 
in particular Vj^Wj—i, does not lie in Mj. As i dominates Ujt_i via Uj—i, there 
is an Mi-alternating path Qj-i of even length in G' i \Uj-\\ from Vj-\ to lylj. We 
can thus prolong Pj_i to an Mi-alternating path from i>o to a vertex in f/j: Let 
Pj := Pj-iVj-iQj-iv~j_ 1 Wj-iP*UjvJ . We claim that P,- has even length and that 
vj = Vj. Indeed, as Uj G S 1 ,' \ the Mi-alternating path PjUj has odd length 
and thus UjvJ G Mj. As the only edge in S(Uj) D Mi is incident with Vj, we have 
Vj = vj as desired. 

If U GUi, we have thus constructed an Mi-alternating path P = P n in GJ whose 
last edge coincides with the last edge of P* and hence either both P and P* have 
even length or they both have odd length. If U ^ Ui, then we can apply the same 
construction as before to obtain an Mi-alternating vq-U path P from P n whose 
length has the same parity as the length of P* . If this parity is even then the last 
vertex of P is in T[ and hence in a set in Ui, which implies Tj C Wj. If the parity 
is odd then U <^Ui (as otherwise P = P n and this path has even length), hence U 
is a vertex of G- and lies in S[ \ T[, which proves Si G S"- \ T[. This completes the 
proof of Proposition 14. II □ 

Proposition 4.3. The function i+\ satisfies ([2]) and ([3]). 

Proof. By the definition of Hi+i we have iTi + i(U) = \ for every U G Ui, thus every 
U with | |J U\ > 1 begins its life with a positive potential. Since we only change 
potentials by h , the potential of U cannot obtain a negative value without becoming 
at some step k. But then U is removed from flk+i, so © holds. 

To prove that (J3J) holds, let e = uv be an edge of G and suppose that © does 
not hold for e and n^i. Since it holds for e and 7Ti and we raised the potential only 
for sets in Ti, there is a set Ui G T (and hence U\ G ) with e G <5(£T), say 

m6[|C/i and u ^ [J C/j.. Therefore, there is no set U G f^i with {u, w} C U U . Since 
Vi is laminar there is a unique set U2 G Vj MAX \ {t/i} with e G <5(&2), i.e. v G |J C/2 
and m ^ j j C/2 - Clearly, we have 



(9) £ WET)- £ ^ 



if C/ 2 G S* 4 , 

1 if U2 G Ti, 
i otherwise. 



As ([3]) holds for e and 7Ti but not for e and 7Ti + i, this means that U2 ^ 5i (in 
particular C/ 2 G ^i+i). 

Suppose that YlueUt eeS(u) n i(U) = w(e), i.e. e is present in Gi. Therefore, 
[/1 and U2 are neighbours in Gi|Vj MAX and ([5]) yields C/2 G Si, a contradiction. 
This means that T lU eQ„eeS(u) 7T ^ U ) < w ( e ) < £(7efi i+1 ,ee<5(£/) 7r «+i( c/ )- Thus 
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Ec/GO s , eG 5(c/) ^C 17 ) = w ( e ) ~ \ and J2u en l+1 ,eeS(u) Ki+i(U) = 10(e) + \ and hence 
U 2 G T< by ®. 

For every vertex i£G, define the energy of x as := J2xe\ju ni (U)- ^ s 

there is no [/ £ fij with {u,v} C |J C/, we have Sf/efii.eesn/) 7i*(I7) = p,-(«) + j>»(«) 
and hence = w ( e ) — | is not an integer. We will see that this leads to 

a contradiction. 

We claim that for every component C of Gi and any two vertices x,y £ C, the 
value Piix) + Pi(y) is an integer (or equivalcntly: for every component C of Gi 
either the «th energy is an integer for all vertices in C or it is not an integer for 
all vertices in C); indeed, if xy is an edge of Gi (it clearly suffices to consider this 
case) then it satisfies ([1]). But then 

w(xy) = ^2 ^( u ) = Pi( x ) + Pi(y) ~ ^2 27T i(U), 

xyes(u) {x,y}c\ju 

and as w(xy) and for each U are integers, our claim follows. As Gi[U U] is 

connected for every U G fli (which follows immediately from the construction), the 
ith energy is either integral for every vertex in U or non-integral for every vertex 
in U. 

Furthermore, by applying ([6|) recursively it is easy to show that for any set 
X G Xi there is precisely one vertex x G |J X such that the sets Ul € Q,^ AX with 
x € LI t/| have been unmatched by Mj in every step j of the construction and thus 

(10) Pi (x) = 

By the definition of Tj, every element U of Ti lies in the same component of G\ as 
some X £ X[ and hence every vertex in |J U lies in the same component of Gi as 
any vertex in \_\X. This easily implies that the ith energy is either integral for all 
vertices in Uu eT . \_\U (if i is even) or non-integral for all such vertices (if i is odd). 
As u £ |J U\ £ Ti and v £ |J XJi £ Ti, this implies that Pi(u) and Pi(v) are either 
both integral or both non- integral, in particular, P i(u) + P i(v) is integral, which 
yields the desired contradiction. □ 

Proposition 4.4. The procedure terminates. 

Proof. We claim that after i = max eg£ ;( G ) w(e) steps (if not earlier) there is at 
most one unmatched vertex in G[. Suppose for contradiction that there are two, 
U,Y say. There are vertices u £ \_\U and y £ |J Y with Pi(u) = Pi(y) = hi, 
i.e. that satisfy (fTOjl . Now the edge uy lies in G- since by pTJ]) Pi(u) + Pi(y) — 
max e£B(G) iy(e) > w(uy), and this contradicts the maximality of Mi. □ 

Thus, after finitely many steps, n say, we have a perfect or almost perfect match- 
ing M n in G' n . By recursively applying condition Q we can extend M„ to a perfect 
or almost perfect matching M of G with the additional property that 

For every U £ fi„ we /iawe \MC)d(U)\ £ {0, 1}, and \MC)d(U)\ = 

(11) i/ and only if M is almost perfect and \_\U contains the vertex 
unmatched by M . 

We now claim that M is strongly ID-minimal. 
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Firstly, consider the case when M is perfect. Pick any perfect matching M' so 
that MAM 1 is finite, that is, there are disjoint finite edge-sets N C M and F C M' 
so that M' — M - N + F. By the definition of d we have 

(12) E™( e ) = E E *n(U), 

e£N e£N U£il n 

ee8(U) 

and by (HJ) we have 

(13) E™( e )^E E *n(U). 

By (fTT|) . for any element {/ of 17„ there is at most one edge of M in 6(U), thus 
t/ appears in the first sum at most once. Moreover, as both M and M' are perfect, 
F U N is a finite set of disjoint cycles and thus if ir n (U) appears in the sum of (TT2")) 
then it also appears in the sum of (| 13|) . By the same argument, any U with negative 
potential (hence \U\ — 1 by ([2])) appearing in (p~3|) also appears in (fT2|) . Thus 

(14) E E Mto<E E m^o, 

ee<5((7) e6«5(J7) 

which by IT2|) and (fl3|) implies that X^eeJV u '( e ) — See-F w ( e )- As was chosen 
arbitrarily, this proves that M is strongly ui-minimal. 

Next, consider the case when M is almost perfect. There is only a difference 
to the previous case when F meets the only vertex x not matched by M, however 
()14[) remains true since by (|10|) x has maximum energy (in particular non- negative). 
Thus M is strongly uj-minimal also in this case. 

□ 

Proof of Theorem ] 1.81 Clearly, we may assume that all weights uu(e) are positive. 
Let G' be the complete graph resulting from G by adding an edge of weight 
between any two non-adjacent vertices of G, and define w'(e) :— —w(e) for every 
e G E(G'). By Theorem ll.91 G' has a strongly w'-minimal perfect or almost perfect 
matching M, and then M' := M D S(G) is a strongly w-maximal matching of G. 
Indeed, suppose that there is a matching M" where M"AM' is finite such that 

(15) w[M"\M'\ < w[M'\M"\. 

Let L be the set of edges of M\M' that are incident with an edge of M"\M'. Then, 
N := (M U (M"\M'))\(L U M'\M") is a matching in G' with NAM finite, and 
since u>[X] = we obtain w[N\M] < w[M\N] by (fT5|) . If iV leaves more than one 
vertex of G' unmatched then, as G' is complete, we can arbitrarily match all but 
at most one of those unmatched vertices to extend TV to a perfect or almost perfect 
matching of G' . As w(e) < for every e € e(G'), this contradicts the fact that M 
is strongly w-minimal. □ 

5. The non-rational case 

We now show that Theorem [L9] and Theorem [L8] fail when we allow non-rational 
weights. Since Theorem 11.81 follows from Theorem 11.91 it suffices to construct a 
counterexample to the former. This counterexample G will consist of two vertices 
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x and y, joined by infinitely many paths P\, P 2 , . . . . The idea is to choose the 
weights w(e) so that a potential strongly w-maximal matching has to match both 
x and y, and it has to match them in the same path Pj, and so that any such 
matching can be locally improved by changing it along Pj U Pj+i so as to match x 
and y in P i+1 . 

In order to achieve this situation, we will need an irrational value a as a weight 
with the property that for every e > 0, there is an n £ N such that na dif- 
fers from some integer by less than s. This is satisfied for instance for a :— 
ESi 10 1 "5 i (*+ 1 ) = 1.010010001.... The only weights in our graph will be a, 
2a, and 2a — 1. We will choose the paths Pj so that each of them contains an odd 
number of edges, 2n; + 1 say. Every second edge on Pj will have weight 2a — 1, 
while the remaining n.j + 1 edges on Pj will have weights a and 2a, and the sum of 
their weights will be larger than rii{2a — 1), i.e. than the sum of the weights of the 
other edges, by a value that is strictly increasing with i. 

First, let us define the numbers rij. Let n\ := 1 and, for i = 1,2,..., let 
n l+ i := 10 l+ V + 1. (Thus, n 2 = 101, n 3 = 101001 etc.) It is not hard to check 
that 

(16) 10~ (4+1) < lO^+^a - n, < HT*. 

We write Pj = XqX\ . . . x\ n .x\ n +1 , where x = x l and y — x 2n . +1 . As already 
mentioned, we put w(e) := 2a — 1 for each edge e = a^j-i 2 ^) 1 < j < Uj. We 
call these edges the even edges of Pj; the other edges on Pj are the odd edges of Pj. 
Define the weights of the odd edges of Pj as follows. Inductively, for k = 0, 1, . . . , rii, 
we put 



(17) w(x l 2k x 



2k- L 2k+l> 



2a if J2j=o w(x 2j xi j+1 ) < k(2a - 1) 
a otherwise 



By this definition, we achieve that on every subpath xPiX 2k of Pj, the sums of 
weights of the even edges (which equals k(2a — 1)) and of the odd edges do not 
differ too much. Indeed, it is easy to check that 

fc-i 

(18) 1 - a < J2 ~ fc(2« - 1) < 1. 

3=0 

Given a subpath P of some Pj, we write even(P) (respectively odd(P)) for the sum 
of the weights of the even (resp. odd) edges of Pj on P. With this notation and (fTS)) . 
we have the two inequations 

(19) odd{xPiX l k ) — even(xPiX k ) < 1 for k even, and 

(20) odd{xPix\) — even(xPiX k ) > a for k odd. 

Suppose there is is a strongly w-maximal matching M in G. First, we show that 
on each Pj there is at most one unmatched vertex. Indeed, if there are at least two 
unmatched vertices on some Pj, then we can pick two of them x* and x l k with j < k 
so that all vertices x\ with j < I < k are matched. Note that the path P = x l jPix\ 
has odd length. If j is even then k is odd, and we have odd(P) — even(P) — 
odd{xPix\) — even(xPiX k ) ~ {odd(xPiX^) — even(xPiXj)) > a — 1 > 0. If j is odd, 
we have by a similar calculation again even(P) — odd(P) > a — 1 > 0. This means 
that we can replace the edges in M (~1 E{P) by the edges in E(P) \ M and improve 
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M, a contradiction. Therefore, every Pi contains at most one unmatched vertex. 
In particular, x and y cannot both be unmatched. 

Thus one of x, y, say x, is matched in M, to x\ say. If y = x l 2ni+1 is unmatched 
and Pi has odd length, there has to be another unmatched vertex on Pi, which 
again leads to a contradiction. Thus, y is matched in M, to x J 2n . say. Easily, for 
k 7^ i,j each vertex on P^ is matched. Suppose i ^ j; then there are unmatched 
vertices x l m and x J n . Since no other vertex on Pi UPj is unmatched, m is even and n 
is odd. Furthermore, the path P := x l m PixPjX 3 n is an M-alternating path; we claim 
that replacing the edges in M R E(P) by those in E(P) \ M is an improvement of 
M. Indeed, on x % m PiX, we replace the odd edges by the even ones and lose less than 
1 by (fT§|) , while on xPjx 3 n , we replace the even edges by the odd ones and gain at 
least a by (p?P|) . Since a > 1, this contradicts the strong w-maximality of M and 
hence i = j. 

Thus, M is a perfect matching. We claim that we can improve M by replacing 
its edges in Pi U Pi+\ by those in E(Pi U Pi+i) \ M. Indeed, M consists of the odd 
edges of Pi and the even edges of all the other Pj. Clearly, we have even(Pj) = 
even{xPjX j 2n .) = n j (2a - 1) and odd(P } ) = odd{xP 3 x J 2rij ) + w{x j 2n .x' 2n . +x ) for 
every j, and if kj denotes of odd edges of xPjX 3 ^ with weight a, then we have 
odd(Pj) = rij2a — kja + w{x 2n .x 2n . + i) and hence 

odd(Pj) - even(Pj) = n 3 - k ja + w(x J 2nj x 2nj+1 ). 

If kj < 10^'0'+ 1 )- 1 then odd(xPjxi n .) - even(xPjX 2rij ) = n, - k 3 a > a- 10-^+^ 
by |H]), which contradicts (fH)|) as a — 10-0+ 1 ) > 1. On the other hand, if k, > 
103J'(J'+i)-i then odd(xPjX 2nj ) - even(xP 3 x{ n .) = nj - k 3 a < -a - 10"- 3 ' by fTO]). 
which contradicts |(TSJ|. Thus, kj = 10^(J+ 1 )- 1 and -10 _J ' < odd(xPjX 3 2n .) - 
even(xPjX 2n .) < — 10 _ w+ 1 ) < o. By (fP7|) we have w(x 2n .x 2n . +1 ) = 2a and thus 

2a - 10" j < orfd(Pj) - even(Pj) < 2a - 10 _(:,+1) . 

In particular, odd(Pi) — even(Pi) < odd{Pi + \) — even(Pi^i) and hence we can 
improve M by using the even edges of Pi and the odd edges of Pi+i instead of the 
odd edges of Pi and the even edges of Pj+i- Thus we get a contradiction, proving 
that G has no strongly w-maximal matching. 
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